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Abstract: Recently, many new excited states of heavy mesons, especially the radially
excited states, are discovered. The study of the production processes of these states from
the ground b-flavored mesons is of interest. In this paper, we use the improved Bethe-
Salpeter method to study the semi-leptonic and non-leptonic decays of B, Bs, and Bc
mesons, where the final states are focused on the radial excited 2S and 3S states. We
find that many channels have branching ratios up to 10−4, which are within the detection
accuracy of current experiments.
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1 Introduction
There are plenty of experimental data of the b-flavored heavy mesons, which draw a lot
of attention. Being the ground states, B, Bs and Bc mesons have no electromagnetic and
strong decay channels, so the two-body non-leptonic and three-body semi-leptonic decays
play a central role in the research of these states. Due to the heavy masses, these mesons
have very rich decay channels and comparatively long lifetime [1].
Nowadays, there are a lot of experiments studying the semi-leptonic decays of B, Bs
and Bc mesons, for example, the results of BaBar [2, 3] and Belle [4–6] and LHCb [7–9].
Similarly, there are also many experimental detections of the non-leptonic decays of these
mesons, for example, the results of BaBar[10–13] and Belle[14–16] and LHCb[17–19].
Beside the experiments, the decays induced by the b→ c transition have been studied by
many theoretical methods, for example, heavy quark sum rule (HQS) [20], QCD factoriza-
tion [21], perturbative QCD (pQCD) [22], the covariant light-front quark model (CLFQM)
[23], light-cone QCD sum rules (LCSR) [24], Bethe-Salpeter (BS) equation method [25, 26],
Light-Front ISGW Model [27], relativistic quark model [28] and a relativistic constituent
quark model based on the Bethe-Salpeter formalism [29].
Though there are a lot of experimental and theoretical studies on the B, Bs and Bc
mesons decay, most of them only considered the cases with final meson being a ground
state, not the excited one. However, many excited states have been found in recent years.
Charmonium ηc(2S) has been confirmed by BABAR[30], CDF[31], LHCb[32] and bottom
meson Bc(2S) was found by CMS [33]. So, it is necessary to study theoretically the decay
channels including excited states.
In a previous paper [34], we found that the relativistic corrections are large, especially
when excited meson are included. So in the studies involving excited states, a relativistic
method is needed. In this paper, we will use the improved BS method which has been
applied in our previous paper [35].
The most important part of this method is the BS equation which is a relativistic one
to describe the two-body bound states. By making an instantaneous approximation for the
interaction kernel, the BS equation is reduced to the full Salpeter equation, which can be
solved numerically to obtain the wave functions of different states. These wave functions
have included the relativistic corrections. The next step is to calculate the transition matrix
elements which can be written as the overlap integrals of the wave functions of the initial
and final mesons. Part of the relativistic corrections is included by boosting the wave
functions of the final meson from its rest frame to the moving one [35, 36].
The paper is organized as follows. In Section 2, we present the formula of the transition
matrix element by the improved BS method and show the definitions of form factors for
different decay channels. In Section 3, we use these form factors to calculate the non-
leptonic decay processes of ground b-flavored mesons. In Section 4, the numerical results
and discussions are presened.
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Figure 1: Feynman diagram of the semi-leptonic decay of Bq to Dq (q = u, d, s, c), where
P (M) and Pf (Mf ) are the momenta (masses) of Bq and Dq, respectively; mi(mif ) and
pi(pif ) are respectively the masses and momenta of the quark or antiquark in the initial
(final) state.
2 Formalism of semi-leptonic decays
In this section, we present the formula of semi-leptonic transitions of Bq (q = u, d, s, c)
to Dq with the improved BS method. Fig.1 is the Feynman diagram responsible for such
decay processes whose amplitudes have the form
T =
GF√
2
Vbcu¯`γ
µ(1− γ5)vν¯`〈Dq|Jµ|Bq〉. (2.1)
According to the Mandelstam formalism, the transition matrix element 〈Dq|Jµ|Bq〉 can be
written as the overlap integral over initial and final states wave functions:
〈Dq (PF )| (cΓµb)|Bq(P )〉 =
∫
d4q
(2pi)4
d4qF
(2pi)4
Tr
[
χFPF (qF ) Γ
µχP (q)iS
−1
2 (p2)
]
(2pi)4δ4 (p2 − p2f ) ,
(2.2)
where we have defined Γµ = γµ(1− γ5).
As it is hard to solve the four-dimensional BS equation, we will reduce the equation
to its instantaneous version, namely the three dimensional Salpeter equation. Then, with
some approximations to the numerator of the integrand [35], the transition matrix can be
written finally as,
〈Dq (PF )| (cΓµb)|Bq(P )〉 = −i
∫
d~q
(2pi)3
Tr
[ /P f
Mf
ϕ++(Pf , qf⊥⊥)
/P f
Mf
LrΓ
µϕ++(P, q⊥)
]
, (2.3)
where we have defined
Lr =
(Mf − ω˜1f − ω˜2f )
(PfP − ω1f − ω2)
Λ+1 (p1f⊥) , (2.4)
and the positive energy part of the wave functions
ϕ++(P, q⊥) = Λ+1 (p1⊥)
/P
M
ϕ(P, q⊥)
/P
M
Λ+2 (p2⊥),
ϕ++(Pf , qf⊥⊥) = Λ˜+1 (p1f⊥⊥)
/P f
Mf
ϕ(Pf , qf⊥⊥)
/P f
Mf
Λ˜+2 (p2f⊥⊥),
(2.5)
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whose explicit forms can be found in our previous paper[35].
The symbols used in the above equations are illustrated as follows. ω˜jf and ωj are
defined as
ω˜if ≡
√
m2if − p2if⊥⊥ =
√
m2if − q2f⊥⊥,
ωif ≡
√
m2if − p2if⊥ =
√
m2if − q2f⊥,
(2.6)
where we have used ⊥⊥ and ⊥ to represent projecting to the momenta of the final and initial
mesons, respectively. qf⊥⊥ and qf⊥ are related by
qf⊥⊥ = qf⊥ − qf⊥ · Pf⊥
M2f
Pf + sr
(
1
M
P − PfP
M2f
Pf
)
, (2.7)
where sr = α2Pfp − ω2fP . The projection operators Λ˜±i are defined as
Λ˜±i (pif⊥⊥) =
1
2ω˜if
[ /P f
Mf
ω˜if ± (Jmif + /pif⊥⊥)
]
, (2.8)
with J = 1 and −1 for the cases quark and anti-quark, respectively.
In this paper, we focus on the cases where the final excited state is a pseudoscalar or
a vector, then the corresponding form factors can be defined as functions of momentum
transfer, Qµ = Pµ−Pµf . For the Bq → D(∗)q process, the form factors corresponding to the
vector and axial currents are defined as〈
D |c¯γµb| B¯〉 = F+ (Q2) [(P + Pf )µ − m2B −m2D
Q2
Qµ
]
+ F0
(
Q2
) m2B −m2D
Q2
Qµ, (2.9)
〈
D∗ |c¯γµb| B¯〉 = 2iV (Q2)
mB +mD∗
µνρσPfνPρεσ, (2.10)
〈
D∗ |c¯γµγ5b| B¯
〉
= (mB +mD∗)A1
(
Q2
)
εµ −A2
(
Q2
) ε ·Q
mB +mD∗
(P + Pf )
µ
−ε ·Q
Q2
Qµ
[
(mB +mD∗)A1
(
Q2
)− (mB −mD∗)A2 (Q2)− 2mD∗A0 (Q2)] . (2.11)
3 Formalism of non-leptonic decays
In this section, we will present the formula of a Bq (q = u, d, s, c) meson non-lpetonic decays
to a heavy charmed meson and a light meson X (X = ρ, pi,K,K∗) with the improved BS
method. The effective Lagrangian which describes such processes can be written as [20]
Heff =
GF√
2
{
2∑
i=1
ci(µ) [VubV
∗
usO
u
i (µ) + VcbV
∗
csO
c
i (µ)] + h.c.
}
. (3.1)
Here we have used the definitions of the effective operators
Ou1 = (s¯αuβ)V−A (u¯βbα)V−A , O
u
2 = (s¯u)V−A(u¯b)V−A,
Oc1 = (s¯αcβ)V−A (c¯βbα)V−A , O
c
2 = (s¯c)V−A(c¯b)V−A,
(3.2)
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with (q¯1q2)V−A = q¯1γµ (1− γ5) q2 and α, β being the SU(3)c color indices.
In the calculation, we adopt the combinations c±(µ) = c1(µ) ± c2(µ) of the Wilson
coefficients. The evolution of c±(µ) can be obtained by the QCD Renormalization Group
Equation (RGE), which reads [37](
µ
d
dµ
− Γ±
)
c±(µ) = 0. (3.3)
At one-loop order, we have
Γ± = γ±
αs
4pi
; γ± = 6
(
±1− 1
Nc
)
. (3.4)
And the next-to-leading (NLO) corrections of order αs [αs ln (mW /µ)]n can be written as
αs(µ) =
4pi
β0 ln
(
µ2/Λ2QCD
)
1− β1
β20
ln ln
(
µ2/Λ2QCD
)
ln
(
µ2/Λ2QCD
)
 , (3.5)
where
β0 =
11Nc − 2f
3
, β1 =
34
3
N2c −
10
3
Ncf − 2CF f, CF = N
2
c − 1
2Nc
, (3.6)
and Nc is the number of colours, f the number of light flavours. ΛQCD is the QCD scale in
the MS scheme with f flavours. Then the solution of Eq.(3.3) can be written as [21]
c±(µ) =
[
αs (MW )
αs(µ)
]d± [
1 +
αs (MW )− αs(µ)
4pi
(B± − J±)
]
, (3.7)
and B± and J± were calculated in Ref. [21]. Here we just present the numerical results
with Nc = 3 and f = 5
d± =
{
6
23 ,
−1223 ,
B± − J± =
{
6473
3174 ,
−93711587 .
(3.8)
To calculate the decay widths, we will change the forms of the form factors we presented
in the Section 2. Their expressions can be found in our previous paper [35]. Using the
definitions of form factors in Eq.(2.9), Eq.(2.10) and Eq.(2.11), we can calculate the decay
amplitudes within the naive factorization scheme, which can be written as [21]
A (B¯d → D+pi−) = iGF√
2
V ∗udVcba1(Dpi)fpiF0
(
m2pi
) (
m2B −m2D
)
,
A (B¯d → D∗+pi−) = −iGF√
2
V ∗udVcba1 (D
∗pi) fpiA0
(
m2pi
)
2mDε
∗ · p,
A (B¯d → D+ρ−) = −iGF√
2
V ∗udVcba1(Dρ)fρF+
(
m2ρ
)
2mρη
∗ · p,
A (B¯d → D∗+ρ−) =iGF√
2
V ∗udVcδε
∗µη∗ν
(
S1gµν − S2qµp′ν + iS3µναβp′αqβ
)
,
(3.9)
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where we have used the decay constants fpi,ρ and the following definitions
|~q| = 12mB
√(
m2B −m21 −m22
)2 − 4m21m22,
S1 = a1 (D
∗ρ)mρfρ (mB +mD∗)A1
(
m2ρ
)
,
S2 = a1 (D
∗ρ)mρfρ
2A2(m2ρ)
mB+mD
.
(3.10)
By defining the following functions
H0 =
1
2mD∗mρ
[(
m2B −m2D∗ −m2ρ
)
S1 − 2m2B|~q|2S2
]
,
H± = S1 ∓mB|~q|S3,
(3.11)
where
a1 = c1(µ) + ξc2(µ), ξ =
1
Nc
, (3.12)
we get the partial decay widths for the non-leptonic decays, which can be written as
Γ
(
Bd → D+pi−
)
=
G2F
(
m2B −m2D
)2 |~q|
16pim2B
|V ∗udVcb|2 |a1(Dpi)|2 f2pif20
(
m2pi
)
,
Γ
(
Bd → D∗+pi−
)
=
G2F |~q|3
4pi
|V ∗udVcb|2 |a1 (D∗pi)|2 f2piA20
(
m2pi
)
,
Γ
(
Bd → D+ρ−
)
=
G2F |~q|3
4pi
|V ∗udVcb|2 |a1(Dρ)|2 f2ρf2+
(
m2ρ
)
,
Γ
(
Bd → D∗+ρ−
)
=
G2F |~q|
16pim2B
|V ∗udVcb|2
(
|H0|2 + |H+|2 + |H−|2
)
.
(3.13)
When the final meson is K or K∗, the calculation is similar to that of the pi or ρ case,
respectively.
4 Numerical Results and Discussions
In this work, we choose the Cornell potential as the interaction kernel [38], which is the
addition of a linear and a vector potential. In the momentum space, it has the form
V (~q) = Vs(~q) + Vv(~q)γ0 ⊗ γ0,
Vs(~q) = −
(
λ
α
+ V0
)
δ3(~q) +
λ
pi2
1
(~q2 + α2)2
,
Vv(~q) = − 2
3pi2
αs(~q)
(~q2 + α2)
,
(4.1)
where the symbol
⊗
denotes that the Salpeter wave function is sandwiched between the
two γ0 matrices; the QCD running coupling constant αs(~q) has the expression αs(~q) =
12pi
33−2Nf
1
ln(a+~q2/Λ2QCD)
. To solve the Salpeter equations, we have to fix the relevant param-
eters by fitting the mass spectra of mesons. Here we choose the same values as in those in
Ref. [39]
a = e = 2.7183, α = 0.060 GeV, λ = 0.210 GeV2,
mu = 0.305 GeV, md = 0.311 GeV, ms = 0.500 GeV,
mc = 1.62 GeV, mb = 4.96 GeV, ΛQCD = 0.270 GeV.
(4.2)
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The CKM matrix elements and the decay constants, which are used to calculate the transi-
tion matrix element, are taken from PDG [1]: |Vcb| = 0.0411, |Vus| = 0.225, |Vcs| = 0.9735,
fpi = 0.130 GeV, fρ = 0.205± 0.009 GeV, fK = 0.156 GeV, fK∗ = 0.217± 0.005 GeV.
The full Salpeter equations fulfilled by the wave functions of the 0− and 1− mesons
have been solved in Ref. [38] and [40], respectively. Here, we will not show the details,
but present the masses of the excited states in table 1. The numerical values of the wave
functions are used to calculate the partial widths of the semi-leptonic and non-leptonic
decay channels.
Table 1: Messes of the excited meson states we used in this paper.
Meson Mass(GeV) Meson Mass(GeV)
D0(2S) 2.550 D0(3S) 3.030
D−(2S) 2.555 D−(3S) 3.035
D−s (2S) 2.670 D−s (3S) 3.150
ηc(2S) 3.638 ηc(3S) 3.990
B0(2S) 5.840
Bs(2S) 5.930
D∗0(2S) 2.600 D∗0(3S) 3.080
D∗−(2S) 2.605 D∗−(3S) 3.085
D∗−s (2S) 2.710 D∗−s (3S) 3.190
ψ(2S) 3.686 ψ(3S) 4.040
B∗0(2S) 5.880
B∗s (2S) 5.955
In our previous work [35], this improved BS method has been used to study the semi-
leptonic decays of B, Bs and Bc mesons, where the final states are ground charmed mesons.
There, we got results agree well with the experimental data, which indicates that this
method is validity to investigate the decay properties of heavy mesons.
In this work, we first calculate the non-leptonic decays of heavy mesons to 1S states
and one light meson. By using Eq. (3.7), we calculate the Wilson coefficients at the next-to-
leading order, and the results are listed in table 2. The partial decay widths and branching
fractions are presented in tables 3 and 4, which corresponding to the channels with final
heavy meson being 0− and 1−, respectively. The experimental data from PDG are also
presented as a comparison. One can see that most theoretical predictions are consistent
with data.
Besides, there are many experimental results for the ratios of branching fractions of the
non-leptonic decays. As a check, we also calculate such ratios, which are presented in table
5. We can see that within the experimental errors, our results agree well with experimental
data, which confirms that the improved BS method is a good and suitable way to study
such decays of heavy mesons. Next, we apply this method to study the weak decays of B,
Bs, and Bc mesons, where the final heavy meson are radially excited states.
– 6 –
Table 2: Values of the Wilson coefficients at the scale mb = 4.96 GeV and mc = 1.62 GeV.
mass cNLO1 (m) cNLO2 (m) a1 = c1 + c2/Nc a2 = c2 + c1/Nc
mb 1.133 -0.289 1.036 0.088
mc 1.346 -0.624 1.138 -0.175
Table 3: Branching ratios (10−3) and partial widths (10−15 GeV) of 0− → 0−(1S)X.
B0 → D+(1S)X− width Br PDG[1]
pi− 1.43+0.22−0.18 3.31
+0.50
−0.42 2.5± 0.13
K− 0.108+0.016−0.013 0.250
+0.038
−0.031 0.186± 0.02
ρ− 3.44+0.52−0.43 7.95
+1.20
−1.01 7.9± 1.3
K∗− 0.191+0.029−0.024 0.440
+0.067
−0.056 0.45± 0.07
B− → D0(1S)X− width Br PDG[1]
pi− 1.43+0.22−0.18 3.57
+0.54
−0.45 4.68± 0.13
K− 0.108+0.0160.013 0.270
+0.040
−0.034 0.363± 0.012
ρ− 3.44+0.52−0.43 8.58
+1.29
−1.09 13.4± 1.8
K∗− 0.191+0.029−0.024 0.476
+0.072
−0.060 0.53± 0.04
Bs → Ds(1S)X− width Br PDG[1]
pi− 1.30+0.22−0.18 2.98
+0.50
−0.42 3.00± 0.23
K− 0.0981+0.0164−0.0138 0.225
+0.038
−0.032 0.227± 0.019
ρ− 3.13+0.53−0.44 7.19
+1.21
−1.01 6.9± 1.4
K∗− 0.173+0.029−0.024 0.400
+0.068
−0.056 0.44± 0.06
In tables 6 and 7, we give the results of heavy bottom mesons semi-leptonic decays to
radially excited pseudoscalar 2S and 3S states. And the corresponding results of vector
final states are shown in tables 8 and 9. From these tables, we can see that the partial decay
widths for the 2S final states are about two orders of magnitude smaller than those of the
1S final states. The node structure of the 2S wave function is responsible for the small
rate. When calculate the overlap integral of the wave functions, as there is no node for the
initial wave functions, the positive part and the negative part of the final wave functions
will give contributions which cancel each other out, resulting in a small decay width. As
to the 3S states, there are even severe cancellation, which leads to the smaller branching
ratios.
The corresponding results of non-leptonic decays with the final heavy meson being
D(2S) or D(3S) are shown in tables 10 and 11, respectively. And the results for the
channels with D∗(2S) or D∗(3S) being the final meson are presented in tabels 12 and 13,
respectively. Most of the branching ratios are of the order of 10−5 ∼ 10−6, which are beyond
the detection capability of experiments nowadays. However, there are also several channels,
such as Bc → η(2S)ρ and Bc → Bs(2S)pi, whose branching ratios are up to 10−4.
In conclusion, we have used the improved BS method to calculate some semi-leptonic
– 7 –
Table 4: Branching ratios(10−3) and partial widths (10−15) of 0− → 1−(1S)X.
B0 → D∗+(1S)X− width Br PDG[1]
pi− 1.68+0.25−0.21 3.88
+0.58
−0.49 2.74± 0.13
K− 0.124+0.019−0.016 0.287
+0.043
−0.036 0.212± 0.015
ρ− 3.53+0.31−0.29 8.91
+0.78
−0.73 9.8± 1.7
K∗− 0.335+0.028−0.026 0.774
+0.064
−0.059 0.81± 0.14
B− → D∗0(1S)X− width Br PDG[1]
pi− 1.68+0.25−0.21 4.20
+0.62
−0.53 4.90± 0.17
K− 0.124+0.019−0.016 0.311
+0.047
−0.039 0.397
+0.31
−0.28
ρ− 3.57+0.32−0.29 8.91
+0.79
−0.73 9.8± 1.7
K∗− 0.339+0.028−0.026 0.846
+0.070
−0.064 0.81± 0.14
Bs → D∗s(1S)X− width Br PDG[1]
pi− 1.49+0.25−0.21 3.44
+0.57
−0.47 2.0± 0.5
K− 0.111+0.018−0.015 0.255
+0.042
−0.035 0.133± 0.035
ρ− 3.23+0.33−0.31 7.41
+0.76
−0.71 9.6± 2.1
K∗− 0.306+0.029−0.028 0.703
+0.067
−0.064
and non-leptonic decays of B, Bs and Bc mesons. To check this method, we first calculate
the cases with the final heavy meson being 1S. By comparing the results with data, we
confirm the validity of this new method. Then we investigate the decay processes where
the final heavy meson are 2S ore 3S states. Many of the branching ratios for these decay
channels are two or three orders of mannitude smaller than those with the 1S final heavy
meson, which can not reach the detection ability of current experiments. However, there are
still many channels, such as the semileptonic decays B → D(2S)lν, have the possibilities
to be detected in current experiments.
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